two other modules. Theorem 5.8 gives a set of prime ideals obtained in this way, which therefore contains all the associated primes of the Mayr-Meyer ideals. However, not all the primes in this set need to be associated to the middle module. Removing the redundant prime ideals is a much harder process, and is not completed here. Most of Sections 3 and 4 is taken up by removing (some) redundancies.
The Mayr-Meyer ideals J = J(n, d) depend on two parameters, n and d, where the number of variables in the ring is O(n) and the degree of the given generators of the ideal is
O(d).
(See definitions in the first section.) Both n and d are positive integers. Throughout this paper it is assumed that n ≥ 2.
The total number of possibly embedded primes of J(n, d) found in this paper is 160n− 270 + 31d + n(n − 1) + δ n=2 d 2 + δ n>2 (d It is not proved whether J(n, d) in fact has a doubly exponential number of embedded primes. On the obtained list of possibly (but not necessarily) associated primes of J(n, d), the largest height is achieved by the prime ideals Q 23,n−2,n,1,α and Q 24 , whose heights are 2 less than the dimension of the ring. However, I do not know if these ideals are associated.
The generators of the Mayr-Meyer ideals in levels 1 through n − 1 have similar forms, so that there is hope that the associated primes of the Mayr-Meyer ideals could be arrived at via recursion. I was unable to reduce the search for the associated primes of J (n, d) to that of finding the associated primes of J(n − 1, d). However, Section 5 modifies the problem of finding the associated primes of J(n, d) to that of finding the associated primes of an ideal K(n, d) to which recursion can be applied. The recursive procedure is carried through in [S3] .
Many questions remain about the embedded primes of J(n, d). Some are listed at the end.
Originally I attempted to find the embedded components, not just the embedded primes, but that became unwieldy. See http://math.nmsu.edu/~iswanson for these and other computations with the Mayr-Meyer ideals which are not included here.
Notation
The definition below of the Mayr-Meyer ideal is taken from [S2] : it is somewhat different from the original definition by Mayr and Meyer in [MM] , but equivalent to the original one from the point of view of primary decompositions. See [S2] for complete justification. Namely, for any fixed integers n, d ≥ 2, let R = k[s, f, b ri , c ri |r = 0, . . . , n − 1; i = 1, . . . , 4] be a polynomial ring in 8n + 2 variables over a field k, and let the MayrMeyer ideal J(n, d) be the ideal in R generated by the following polynomials h ri : first the four level 0 generators: h n7 = sc 01 c 11 · · · c n−3,1 c n−2,4 c n−1,2 (b n−1,2 − b n−1,3 ) .
For simpler notation it will be assumed throughout that the characteristic of k does not divide d, but most of the work goes through without that assumption. Also, J(n, d) will often be abbreviated to J.
For notational purposes we also define the following ideals in R:
. . , 4) , r = 2, . . . , n − 1.
With this, here is the table of all the minimal primes over J(n, d), as computed in [S2] , where α and β are dth roots of unity, and Λ varies over all the subsets of {1, 2, 3, 4}: minimal prime height component of J(n, d) 
The intersection of all the components primary to the P −4Λ was computed to be
The following summarizes the elementary facts about primary decompositions used in the paper:
Facts: 1.1: For any ideals I, I ′ and I ′′ with I ⊆ I ′′ , (I + I ′ ) ∩ I ′′ = I + I ′ ∩ I ′′ .
1.2:
For any ideal I and element x, (x) ∩ I = x(I : x). 1.3: For any ideals I and I ′ , and any element x, (I + xI ′ ) : x = (I : x) + I ′ .
1.4: Let x 1 , . . . , x n be variables over a ring R.
Then an ideal I in R is primary (respectively, prime) if and only if IS+L is a primary (respectively, prime) in S. Furthermore, ∩ i q i = I is a primary decomposition of I if and only if ∩ i (q i S + L) is a primary decomposition of IS + L.
1.5: Let x be an element of a ring R and I an ideal. Suppose that there is an integer k such that for all m, I :
Thus to find a (possibly redundant) primary decomposition of I it suffices to find primary decompositions of (possibly larger) I : x k and of I + (x k ).
1.6: Let I be an ideal in a ring R. Then for any x ∈ R, Ass 
We will use the extended Kronecker delta notation δ P as follows: whenever P is true, then Aδ P equals A, and when P is false, Aδ P has no effect on the rest of the expression.
Sixteen embedded components
The Mayr-Meyer ideals do have embedded primes. The (possible) embedded primes will be denoted as Q r , with r varying from 1 to 24, and the second part of the subscript depending on r.
The element f c 02 c 03 (c 02 − c 03 ) is a non-zerodivisor on these components, which proves that
To prove that each Q 1Λ is associated to J, it now suffices to prove that none of the Q 1Λ -primary components of J : (f c 02 c 03 (c 02 − c 03 )) ∞ is redundant. So let Λ be a subset of
, which proves that Q 1∅ is associated to J. 
In this section we find 15(d + 1) + d 2 more embedded primes of J(n, d). This shows that the number of embedded primes of J(n, d) depends on d. As usual, Λ ranges over subset of {1, 2, 3, 4} and α, β over the dth roots of unity:
These ideals are clearly prime ideals. Let x = f 3 c 21 b 13 (b 21 − b 22 ) when n > 2 and x = f 3 otherwise. We prove below that the Q 2Λα and the Q 3Λ , for all non-empty subsets Λ ⊆ {1, 2, 3, 4}, are associated primes of J, and that when n = 2, also the Q 4,2αβ are associated. It is easy to see that x multipliesĴ into J and thatĴ contains J. We will find all the associated primes ofĴ, of which the only new ones are the Q 2Λα , Q 3Λ , and Q 4,2αβ . We will show that x is not in any of the associated primes, so that thenĴ = J : x. Thus Ass(R/Ĵ) = Ass(R/J : x), and every associated prime ofĴ is also associated to J. Thus it suffices to find all the associated primes ofĴ and to show that x is in none of them. . Note that
which decomposes as
as in Section 2. Thus x is a non-zerodivisor on this ideal, and no new associated primes appear. Thus it suffices to find the associated primes ofĴ : c 02 b First we analyze J ′′ :
This decomposes as follows:
Clearly the ideal q 2 in the second row decomposes as the intersection of Q 2Λα -primary components, and the ideal in the first row decomposes as
Of these components, the ideal q 3 in the second row is an intersection of the Q 3Λ -primary components, and the ideal in the first row contains q 2 , and is thus redundant for computing the associated primes of J ′′ . Thus the set of associated primes of J ′′ is a subset of {Q 2Λα , Q 3Λ }. Clearly x is not in any Q 2Λα and Q 3Λ .
It remains to compute a decomposition of J ′ :
By coloning and adding c 2 11 :
By coloning and adding b 03 on the third component,
The second to the last ideal above properly contains p 2 δ n=2 , and the last ideal q 4,2 is an intersection of Q 4,2αβ -primary components when n = 2. This proves that
As x is a non-zerodivisor modulo this ideal, this also finishes the proof thatĴ = J : x. Furthermore, this proves that the set of new embedded primes of J which do not contain x is contained in the set of associated primes of the idealĴ : c 02 b d 02 , and that this latter set is a subset of {Q 2Λα , Q 3Λ , Q 4,2αβ }.
It remains to prove that the prime ideals Q 2∅α are not associated to J, and that every element of {Q 2Λα , Q 3Λ , Q 4,2αβ δ n=2 |Λ = ∅} is associated to J. Clearly, when n = 2, as J ′ : c 02 = p 2 ∩ q 4,2 = p 2 , all the Q 4,2αβ are associated to J ′ and thus to J.
Let Λ be a subset of {1, 2, 3, 4}. Let K be the idealĴ : c 02 b d 02 coloned with a power of the element
Note that this element is contained in Q 4,2αβ , in Q 3Λ , in p 1 if Λ = ∅, and in p 2 if Λ = {1, 2, 3, 4}. If Λ = ∅, then K = p 1 , so Q 2Λα are all redundant. If however, Λ = ∅, and if Λ = {1, 2, 3, 4}, then K = p 2 δ n=2 , which proves that the Q 2Λα are all associated to J.
Similarly, by coloning with
we get that each Q 3Λ is associated to J if and only if Λ = ∅. Thus 
and each of these primes is associated to J.
For clarity we record these embedded primes in a table:
The embedded primes of J found so far do not contain b 2i − b 2j . Without this assumption there are many more embedded primes of J, and their number grows with n and d. In this section, (n − 1)(d 3 − d) more embedded primes are found in the case when n > 2.
The main theorem of this section, Theorem 4.1, says that these primes are the only new ones not containing the element x, where x is
Throughout this section, n > 2. For each r ∈ {2, . . . , n} and α, β and γ in k such that
It is proved in this section that these prime ideals are associated to J if and only if {α, β, γ}| > 1, and that these (n − 1)(d 
It is easy to see that K contains J and that x multiplies K into J, except possibly that x multiplies the element c 02 b The intermediate goal in this section is to find a primary decomposition of K. It turns out that x is a non-zerodivisor on K, which proves that K = J : x, and thus determines all the associated primes of J which do not contain x.
By Fact 1.6, Ass The first component is P −3 , and the second component is the intersection of ideals primary to the Q 1Λ , as Λ varies over the subsets of {1, 2, 3, 4}. None of these prime ideals contains which by a computation on page 8 equals 
where
It turns out that L ′′ = L ′ : c 13 , as the proof below shows.
for some y i in the ring and l ∈ L ′ . Then 12 , c 13 , c 14 ) , so that without loss of generality 
Thus finally
By Fact 1.6, Ass . The latter ideal equals and decomposes as:
which is an intersection of Q 3Λ -and Q 2Λα -primary components, where Λ varies over all the subsets of {1, 2, 3, 4} for which 3 ∈ Λ. These do not give any new embedded primes of J, and furthermore none of these primes contains 
Note that this decomposes as 
(The key to this decomposition is the fact that (c 11 , b 03 ) intersected with the first component is contained in K : c 02 b 2d 03 c 13 .) The first component above is p r , so all of its associated primes are minimal over J. It is easy to read off the associated primes of the last component as well. First note that none of these primes contain x, which finishes the proof that x is a non-zerodivisor modulo K. Thus as J ⊆ K and xK ⊆ J, it follows that K equals J : x.
It remains to determine the associated prime ideals of this last component of K : 
and each listed prime ideal is associated to J.
These new associated primes are also recorded in a table: 
In this section the finding of the embedded primes of J gets reduced to that of finding the associated primes of ideas on which recursion can be applied. The main methods are again repeated applications of Facts 1.5 and 1.6. For example, the set of associated primes of J is contained in Ass The next task is to compute J : s and to analyze its associated primes. Any associated prime of J : s is also associated to J. Computing J : s is straightforward (next Theorem), but analyzing its associated primes takes many steps and the rest of this paper. Recall that x ∈ K : s and sx = kf + a(f c 01 − sc 02 ) for some k ∈ K and a ∈ K : c 01 . Thus s(x + ac 02 ) = f (k + ac 01 ), and as no s appears in a and in k, x + ac 02 = 0, so that x ∈ c 02 (K : c 01 ). Thus
Observe that (J : sc 
and (((J : sc 02 ) + (c 02 )) :
Clearly the associated primes of these two ideals do not contain x, where x = f c 21 b 13 (b 21 − b 22 ) when n > 2 and x = f otherwise. Thus by Theorem 3.1, these ideals do not contribute anything new to the set of embedded primes of J.
Thus by another application of Fact 1.6, Theorem 5.6: The set of embedded primes of J is contained in
First of all, Thus it remains to find the associated primes of L : c 11 in order to find the associated primes of L which are also associated to J. For this first note that J
Note that L : c 11 b 03 equals , the above is just the intersection of some minimal components of J, and when L 0 = C 0 , the associated primes are of the form C 0 + P rαβ , r ≥ 2, whence are not associated to J by Theorems 3.1 and 4.1.
Thus it remains to find the associated primes of
which similarly decomposes (first add c 11 and colon with c 11 ) as
the set of associated primes of K(n, d) recursively depends on the set of associated primes of
By Fact 1.4, any prime ideal associated to K(n, d), after adding C 0 +(s, f ), is possibly associated to J(n, d). In [S3] Also, for all n ≥ 2, none of the maximal ideals is associated to the Mayr-Meyer ideals.
Whereas the theorem above gives some information on the structure of the associated prime ideals of J(n, d), much is left to be done to answer the Bayer-Huneke-Stillman question. I end this paper with a list of questions:
1. Some of the prime ideals in Theorem 5.8 may not be associated to J(n, d). Find all such primes, or in other words, find the exact set of embedded primes of J(n, d), not just a set containing it. In particular, determine if the set of associated primes of J(n, d) is truly doubly exponential in n.
2. Determine if any of the associated prime ideals of J(n, d) play a crucial role in the doubly exponential behavior. The prime ideals Q 23,n−2,n,1,α and Q 24 may be likely candidates.
